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JAKOB I. REICH

ABSTRACT. Let {X(#, w)},er+ be a stochastic process on a locally compact abelian
group G, which has independent stationary increments. We show that under mild
restrictions on G and {X(?, w)} the random families of probability measures

prC, ) = Byl fo T f()x(X(t,w)) dt for T >0,

where f(7) is a function from R* to R* of polynomial growth and By = { T f(f) dt,
converge weakly to Haar measure of the Bohr compactification of G. As a
consequence we obtain mean and individual ergodic theorems and asymptotic
occupancy times for these processes.

0. Summary. Let G be an LCA group of the form R* X Z” x K where K is a
closed subgroup of AU>, the countable product of the unit circle. Let { X(?, w)},cg+
be a stochastic process on a probability space (2, ¥, P) with independent, sta-
tionary increments and state space G.

For vy € G let ¢,(v) = E({X(t, w), v)) be the characteristic function of the
X(¢)s. Call a function f: R* - R* a weight function if it has polynomial growth,
i.e., if there exist positive constants C, C and a nonnegative p such that Ct? < f(1)
< Ct?. In this paper we show that for every weight function f there exists a set
2, c @ with P(R) = 1 such that for w € 2,

Jim B2 [T AKX (1 0), 7> di =0 (1)

forally € G — {0}, where B, = [T f(1) dt.
If for a given weight function f we define the random families of probability
measures on G as

r
pr(dx, @) = By [ fle k(X (1, @) b))
then (1) says that for w € ; the Fourier transforms fi;(y, ) satisfy
lim |jir(y,w)| =0 forye G - {0}). (3)
—00

As a consequence we obtain mean ergodic theorems for unitary representations of
G and weighted occupancy times for { X(¢, w)}.

1. Preliminaries. ALet G be an LCA-group of the form R" xXZ ™ X K with dua_l
G =R" x U™ x K. Since K is a closed subgroup of U®, K is countable. Let G
be the Bohr compactification of G and m Haar measure on G. For details see [4].
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60 J. I. REICH
We say that a family { -} of probability measures on G is ergodic if
lim fr(y) =0 forye G - {0).

If we consider p, as measures on G this is equivalent to saying that weak
limy_ o pr = m.

As shown in [2] ergodic families of measures provide mean ergodic theorems for
unitary representations of G on a Hilbert space.

A measurable subset I of G is called a p-set if there exists p € [0, 1] such that for
every ergodic family (or sequence) { pr}, lim . u(I) = p. If B is a continuity set
in G, ie., its boundary has measure zero, then, by the Paul Lévy continuity
theorem, B = B N G is a p-set withp = m(B).

Reich constructed in [3] large classes of p-sets; the simplest construction can be
obtained as follows: let y € G be of infinite order and 7 an interval in 9. Then
{g € GKg, vy eI } is a continuity set of measure |I| and therefore {g €
G|(g,v)> € I} is ap-set with p = |I|.

2. The main results. Let X(¢, w) = (X|(t, @), . . ., X, 4 ms1(t, @), i€, the jth
coordinate X; has state space R, Z, Hforl<j<nn+l<j<n+mj=n+
m + 1 respectively.

By a well-known argument, using stationarity and independence of the incre-
ments, we can show that

eV = l¢:i(VI"- (1)

THEOREM 1. If |¢(y)] < 1 for y € G — (0} and E|X/(t, w)| = O(z) for t > 0 and
J=1,2,...,n+ m, then for every weight function f of polynomial growth, there
exists a set ; C Q with P(Q) = 1 such that for v € Q, limy._,, | iy, w)| = O for
all y € G — {0}.

REMARK. Note that |¢,(y)| < 1 for y # 0 is merely a condition to ensure that
X(t, w) is not distributed on a proper closed subgroup of G.

3. Some lemmas. The first two lemmas are from [3].

LEMMA 1. Let | be a positive integer and §==1,j=12,...,2l, such that

32, 8 = 0. Define ki=-%i_18 forj=1,2,...,21 — 1. Then for indeterminates
xl, o s ey le’

21 201
§x = 2 k(X1 — x).
j=1 Jj=1
Furthermore, |k;| < for all j and ky;_, #0 forj =1,...,1

The proof is obvious.

LEMMA 2. Let g be a continuous function from R* X QU™ into the complex plane.

Suppose K is a cube in R" X U™, i.e., K = }: 1" I; where the I’s are intervals in R,
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AU, respectively. Suppose max;_,
B €K,

n+m |08(2)/3a;| < C for all a; then for any a,

.....

n+m

lg(a)l < |g(B) + C X

J=1
PrOOF. By induction on n + m, the case n + m = 1 follows from the mean value
theorem applied to the real and imaginary part of f.

LEMMA 3. Let L be a positive integer, f a weight function of polynomial growth,
0<r<l,

={(ty,....,) E[O, TI0<t, <t,< -+ <1, <T
2 1 55 2
and dr* Lebesgue measure on R¥; then

2/ !
B2 [ 11 fy) IL rv=tw-1dr® < Clin(n) =T,

s j=1 Jj=1
where C only depends on f and 1.

ProOF. From Cr? < f(f) < Ct” we obtain
CT**'/(p+1) < B, <CT?*'/(p +1). (1)
Now by induction on /,let / = 1 and p > 0. Then

T ,T =1, = (T ., T‘”_‘I
fo fr. Sa)f(e)r dt, dt, <Cj; t,f“ trix" dt, dt,

. \T
=C? T p té’r“ " — p T p—l.h—1
Cfo t,[ ln(r) in(") j; 27 dt, | dr, )

<C? dt <2CT#*In(r)| "V

Now divide both sides by the lower bound in (1) to obtain the inequality.

For the case p = 0 we can compute the iterated integral directly.

Now assume true for /, to prove the inequality for / + 1. Write [ ... dr* as an
iterated integral, split off the two innermost integrals which are handled as for
! = 1, then apply the induction hypothesis.

LEMMA 4.

E( sup max Ar(y, @) ) o(T).

veé '~

m | 3y

PROOF. By hypothesis there is some positive C such that
max E|X(t,w) < C-t. )

Jj=L...,n+m

Fory € G,y = (Yi> - - - > Yn+ms Yn+m+1)> hENCE
n+m+1

(X(t, 0), v) = .1;[1 (X,(t, ), v,
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and, therefore,

a—ay-<X(t, w), v) = iX(t, O){X(t, w),y) forj=1,....,n+m.
J

From the last equation it follows that

< CBT"LTf(t)|X(t, w)| dt.

3 . (T 9
3y fnlr )| =|Br! ! S5 Xt ). 1) d

Taking expectations on both sides, using (1) and the fact that f has polynomial
growth finishes the proof.

LEMMA 5. Let I be a positive integer and v € G such that ky#0for 1< |k| <L
Then

-1
E|f(y, 0 < C- Iln(lg}g”; , I¢.(k*r)l)| T

where C is independent of T and vy.

PROOF.
| ir(y, 0)* = H By ij(tj)<X(tj, w), Y d;
< 1 8 T RKG @)y > d
J=1I1+1

= B; ¥ H j(t) H (8X(1, w), vy di*
[o, T .i 1

- f i m)( 2 40 0.7) a®
77

where

S =

J

1 forj=1,...,1
—1 forj=1+1,...,2L

Let %¥,, be the permutations of {1, 2, ..., 2/} and for ¢ € ¥,, define

S, = {(tl""”21)6[0> T] oy Sty < -+ - <‘(21)}

]ﬂ

Then {S,},c9,, is an up to measure zero disjoint partition of [0, 7] and therefore

Blin(r. o = 3 87 Hf(z)(E (5 .0 )

0EPy S, j=1

- ZIEfs H f('o(!))< 2> 8, X (4,05 w),7> da®. (1)

oE@u

From the definition of the §’s and §,(,’s it follows that they satisfy the hypothesis
of Lemma 1; therefore for each ¢ we can find integers kj, Jj=12...,21—-1,
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such that in the last equality

B YE f ..dY

u,]-

21Ef 2 j(to(J))< 2 k[X( G+ 1y @) — X(T, (1)"")] > dr

2/—-1

2’f H f(ta(,))E H (K[ X (1,41 ©) = X(1,05 @) ], v) @r™

2/-1

f H f(’o(/))EH Xty 1y @) = Xty @), Ky dt?

2/—-1

< By 2’_[ H o) H |ECX (tay 41y @) = Xt @), Ky dt®

2/—-1

Bz,f H f(’a(/)) H |¢1(k y)l'wm“-m dart

S, j=1

2/
= BT

< B; f .H Slta) _H |1 (kg 7)<

< Br 2’_[ H A (j)) H ( max '4’1("7)') e dr”

<|k|<i
R
< C‘ln(lg}la‘lﬁl |¢~,(ky)|)| T

The first inequality follows from the fact that on S, 1,) < f,) < * * + <, and
independent increments of X(#, w). The second and third inequalities follow from
Lemma 1 since |k| </ for all j and k,;,_, # 0 for j =1,2,...,/ For the last
inequality apply Lemma 3.

To finish the proof combine (1) and (2) to conclude that

-1
Elin(y, o) < @I)tCT~in( 1 max ¢ oG

4. Proof of Theorem 1. Let K = [I7Z" I, X {a}, where the Is are closed intervals
inR,AUforl<j<nn+l1<j<n + m, respectively, anda e %; we will call
a set of this form a cube.

Fix / = 3(n + m) + 4 and suppose for y € K, ky #0 for 1 < |k| </, ie, K

contains no roots of unity of order < /.

Define
= k)|
r= | max, sup |91(Kv)|
Then
r<l (1)

This follows from the assumption |¢,(y)| < 1 for y # 0 and the fact that |¢,(y)| is
continuous and K is compact and contains no roots of unity of order < /.
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For a positive integer N, divide K into [N>/?"*™ = N subcubes {Kj}jf'-_l of
equal measure, which are disjoint up to measure zero ([ ] denotes the greatest
integer part), i.e., divide each /; into [N 3/2] subintervals and take product sets. In
each K; fix a point y; and let

Av={ max iy @ <NV,
j=1...,N

Then by Chebychev’s inequality, Lemma 5 and (1),

N
P(45) < X NY%E|jy(y;, w)* < CNN|In(r)|='N '

j=1
< CN ~'2N3/2n+m|in(r)| =" < CN 2 |In(r)| 7" )
The constant C only depends on f and / by Lemma 5.
Let
By = max 2, (v, w)| < N3/4
N J=1,..., n+m 87, N ’
Then by Lemma 4 and Chebychev’s inequality,
n+m
P(BS) < 3 N ~**0(N) = O(N~'%. (3)
j=1

Hence by (2) and (3),
0
2] P((ANa N BNa)c) < oo,
N=
which by the Borel-Cantelli lemma implies that
P {w|w is outside of at most finitely many of the Ays N Bys's} = 1. 4

If w € Ays N Bys, then for y € K there is a subcube K; such that y € K.
Therefore by Lemma 2, Lemma 4 and the fact that to obtain the Kj’s we divided
each J; into [(N 8)3/2] subintervals of equal length, we get

n+m
(1, @)| < [ie(yp @]+ N1 [N
=]
-2 2 L
SN m)(j=l,l.r.la.l,xn+m IIfl)zN = O(N7?).

Since this inequality does not depend on vy, we get for w € Ap: N Bys,
sup [iins(, ©)| < O(N 7). ®)
yeEK

Therefore, by (4) and (5),
lim sup |fys(y, w)| = O with probability one.
yeEK

N-—oo

And since B; grows geometrically with 7 by a well-known argument, we can
conclude

lim sup | (v, w)|= 0almost surely.
T—o0 YE K
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From the structure of G we see that G-{roots of unity of order < 1} is a countable
union of such cubes K and that there are at most countably many roots of unity of
order < /. If y is a root of unity of order < / and y # 0, then letting

Ay = {o |in(y, @) < N7V4},
it follows from Lemma 5 with / = 1 that
P(45) < N'E|jiy(y, @)|* < CN =/
and therefore 3%, P(A5+) < oo. Now by an argument as above using the Borel-
Cantelli lemma,

7!im |ir(y, w)| = O almost surely.
—00

Taking the intersection of this countable collection of sets of probability one, gives
us the desired result.

5. Some examples. Let X,(¢, w), . . ., X, (¢, w) be Brownian motions on R such
that:

(i) the random variables X (1, w), . . ., X,(1, w) are linearly independent,
ie, P{Z7_rX(l,w) =0} =1iffr,="---=7r,=0; and

(i) for 0 < r <5 < ¢, Xj(¢, w) — X/(s, w) is independent of X,(r, w) for all j, k.

Then the process X(¢, w) = (X,(t, w), . . ., X,(¢, ®)) on R” has independent sta-
tionary increments by (ii) and the characteristic function satisfies the hypothesis of
Theorem 1 by (i). In particular, (ii) is satisfied if the processes X, are independent.
Similarly, using Poisson processes, we can construct a process on Z™, which
satisfies the conditions of Theorem 1. Combining these processes we obtain a
process on R” X Z™ with the desired properties.

6. Applications to unitary representations. Let {U,},.; be a weakly continuous
unitary representation of G on a Hilbert space JC. Denote by Pg the orthogonal
projection onto the closed subspace I of invariant elements under { U, }.

THEOREM 2. Let {X(t, w)}, f, &, be as in Theorem 1, and {U,},cc any weakly
continuous unitary representation of G on a Hilbert space. Then for w € @,

B! fo T (1) Uy ph) dt — Pgh" =0

lim
T—o0

for all h € IC.
PRrROOF. Since
[T
B7 [ AU oh) dt = [ (Uh)ur(ds, o)
and fi(y, w) >0 fory € G- {0}, the result follows from a theorem in [2].

THEOREM 3. Let {X(t, w)}, f, §; be as in Theorem 1. Let {U,},c¢ be a weakly
continuous representation on some L? space. Then there exists a dense set D C L?
such that for w €

. _1[N®
lim Bzl [V f(t) Uy, wh() di = Poh
N-ooo 0

for almost every y and all h € ).
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If, in addition, the U,’s are uniformly bounded on L™ and the set of eigenvalues
does not have any limit points, then we can find a dense D C L? such that

. [T
lim B7' [ " A(#)(Uxq, wh(»)) di = Pgh
T—-oo 0
for almost every y and all h € 9.

REMARK. Note that the two statements of the theorem hold for all w € Q,, i.e.,
the set of probability one does not depend on the unitary representation nor the
particular function selected from .

PROOF. Let E(-) denote the resolution of the identity for { U,} on G.Leth e L?
and {;} be the nonzero eigenvalues such that E(y;)h = hy; 7 0. Assume first

h=3S hy, + Pgh. )

Jj=1

Then fore > 0and N sufficiently large,

2 ; + Pgh is e-closed to h. )

For h we get for v € Q,,
N
Jim f Ughir(dg, @) = lim 3 ir(y, w)hy, + Poh = Poh
T— j=1

since the ¥,’s are nonzero.
Assume now that A € L? such that

E(yY)h=0 forally € G. 3)
This implies the Borel measure (E(dy)h, h) is continuous on G. Therefore, for
e > 0 by the o-compactness of G we can find a compact cube K such that

IEGR)A = hlz < e/2. @)
From the structure of G one sees that a compact cube K only can contain finitely

many roots of unity of order < /. Deleting sufficiently small cubical open neigh-
borhoods around each root of order < / from K gives us a compact set K such that

() NEK)h — E(K)h||, <e/2;

M
i) kK= U K )
j=1

the K’s are disjoint and each K; is of the form 2" I, X {a) where the I’s are
1ntervals (not necessarily closed) and a € %. Also note that the closure of K does
not contain any roots of order < /.

Since E(K)h = EjM_, E(K)h, it is sufficient to prove pointwise convergence for
each function E(K))h.

From (5) in the proof of Theorem 1 it follows that for w € &, and N sulfficiently
large

sup. ey, )] < O(N ). ©)

YEK;
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Therefore for A > 0, letting

Fv = {11 [ GLEH] )l )] < A],

we obtain the estimate

2
|Fo| < A2

J. Ul B ] (g, )

2
= A2 Vi, @P(E(dr)h, ) < 7N 4l @

The last inequality follows from (6). From (7) and the Borel-Cantelli lemma it
follows that except for a set of measure zero all y’s are at most in finitely many of
the Fy’s; since A can be made arbitrarily small, we deduce pointwise convergence
a.e. to 0 for E(K))h and therefore also for E(K)h. Finally, each function in L*isa
sum of two functions of the form given in (1) and (3).

For the second part, for A € L> N L™ and ¢ > 0 find first a compact cube K
such that

|E(K)h — h|l, < e/2. ®)

Then as before delete sufficiently small neighborhoods around all roots of order
< [ and all eigenvalues in K to obtain a compact set K such that

E(K)h - (E(K)h + 2 E({Y})h)

yeEK

<e/2. )

2
From the assumption that the e-values have no limit points we conclude that there
are only finitely many e-values in K and therefore

> E({y)})his a finite sum. (10)
7612

Let O be an open cover of K which has compact closure such that all roots of
unity of order </ and all e-values are in the interior of O° and let ¢ be a finite
measure on G such that

() 0<é(y)<1l, yEG,

o an_ |1 fory EXK, (11)
(i) 6(v) = {0 fory € 0O°.

We define

h* = | U, ho(dg).
fG ' ha(dg)
From the assumption of uniform boundedness of { U,} on L* it follows that
h* € L® N L% (12)
Finally, define
ho=h*+ 3 E({y)h (13)

yEIZ
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From (8) and (9) conclude that h, is e-closed to A, and from (10) we see that
2, e E({y})h converges pointwise.
For h* we obtain

|

for all w € Q. The last inequality follows as in (6).
Now we argue as in (7) to obtain

. _ N8
Jim By fo AUy ph* dt =0 ae.

fG U h* pys(dg, "’)H: - fé 16 [fns(ys )| (E(dy)h, b

< sup |iws(y, ) I < N4 A? (14)
Y

Then
T
lim B! f f(O Uy ph* dt =0 ae.
T—o0 0
follows from the fact that h* € L*®, {U,} is uniformly bounded on L* and the
B,’s grow geometrically.

7. p-occupancy. Let {X(¢, w)} be a process as in Theorem 1; then for w € @,
{ ur(dg, w)} is an ergodic family of measures on G (as defined in §1). Hence for J,
a p-set,

7!1_120 pr(l,, w)=p forallw € Qp (1)
in particular, if y € G of infinite order and 7 an interval in U,
. 1 T
fim 2= [ AOX s men(X( @) di = 1| 2

forallw € Q,.

It should be noted that for f = 1, (1) and (2) are the limit of the average amount
of time the process spends in the given set up to time T’; this case is a generaliza-
tion of a result on random walks in [1].
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